I. INTRODUCTION

G
UIDED terahertz (THz) waves have attracted much attention in recent decades owing to their applications in THz systems, ranging from energy transmission to mode manipulation. Many researches have focused on the low loss transmission of THz radiations in various materials and structures, such as metallic waveguides [1] , [2] , dielectric fibers [3] and slabs [4] , coaxial transmission lines [5] , metal wires [6] , microstructure optical fibers [7] , [8] , magnetic metamaterial [9] , and corrugated surfaces [10] , [11] . Besides low-loss waveguiding, the mode structure and single-mode operation have also aroused The authors are with the Key Laboratory of In-Fiber Integrated Optics, Ministry Education of China, Harbin Engineering University, Harbin 150001, China, and also with Photonics Research Center, College of Science, Harbin Engineering University, Harbin 150001, China (e-mail: yxfan@hrbeu.edu.cn; aysha.qau.pak@gmail.com; xulanlan_hrb@163.com; susanstar@126.com; stq2014@163.com; zytao@hrbeu.edu.cn).
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Digital Object Identifier 10.1109/JLT.2016.2603995 much interest. Kejalakshmy et al. [12] investigated numerically the mode properties of a metal-coated air-core photonic crystal fiber, and Zhan et al. [13] observed experimentally the near-field output of a parallel-plate waveguide and characterized THz hybrid modes in that structure. Transverse modes in cylindrical waveguides with thin dielectric walls [14] , with circular and elliptical polymer walls [15] , with silver and polystyrene inner coatings [16] , and with silver-iodide-coated metallic walls [17] were investigated subsequently, after Mendis and Mittleman [18] studied experimentally and theoretically the lowest TE mode for broadband THz pules. Generally, in the cylindrical waveguide, the single transverse mode always corresponds to Bessel functions with different nodes, which have applications in many fields. Brzobohatý et al. have realized the Bessel laser modes with a spatial light modulator to control the optically bound structures [19] . Courtney et al. have proposed a circular ultrasound array to control microparticles with the acoustic pressure fields of Bessel function [20] . Optical tweezers have also been formed with a single Bessel beam to trap particles [21] . In femtosecond-laser nanofabrication, Yalizay et al. have produced the Bessel beams with small focal spots [22] . Meyers et al. have demonstrated the advantages of the Bessel-beam illumination beyond the Gaussian beams in virtual ghost imaging [23] . Tao and Fan have introduced the concept of orthogonality breaking to demonstrate the acoustic mode interactions with the proposed mode diagrams of different Bessel functions and realized a third mode transparency in an elaborated acoustic duct [24] .
Although single-mode operation is essential in many applications, including communications, spectroscopic biochemical sensing, nondestructive evaluation, security screening, and imaging [25] , it is still a challenge to produce a single highorder mode in a waveguide system. Here, we propose a waveguide structure with simply corrugated pipe walls that effectively suppresses the fundamental mode and allows a single second mode to be generated. Furthermore, we also suggest the possibility of bandwidth control by altering the wall profile. In the following section, we describe a three-mode resonance in an orthogonality-breaking THz waveguide in detail, and then present a mode transparency theory based on multimode interactions. In Section III, the relationship between the band structure and the wall profile is derived on the basis of perturbation theory, and a shape factor affecting the transparency is introduced. On the basis of our theoretical findings, we tried to narrow the width of the transparent band, as described in Section IV. Numerical results not only confirm the proposed single-mode transparency but also suggest an efficient way to adjust the bandwidth. Finally, we discuss the validity of the method when other Fourier components are present, and summarize the main points of our findings.
II. MODE TRANSPARENCY
The THz waveguide considered here consisted of a longitudinal ideal metal tube with periodically corrugated walls and was filled with air. A section of the 20-period-long waveguide used in the numerical simulations is depicted in Fig. 1(a) . The 20 periods can provide enough attenuation while the more periods would not have much impact on the mode transparency. The wall radius is represented as
where r 0 is the mean radius, a is the corrugation amplitude, and W (z), shown in Fig. 1(b) , is an arbitrary periodic wall function with a maximum of 1 and a minimum of −1. The wall period is Λ and the corrugation frequency is k = 2π/Λ. When wave propagates in the smooth waveguide, its transverse distributions are the summation of Bessel functions, which are orthogonal to each other. Each Bessel function denotes a transverse mode and the orthogonality means the energy would not transmitted between them. The lower mode would never excite the higher ones. However, widening or narrowing the waveguides will result in the changes of transverse distributions, then the orthogonality of the previous transverse modes is destroyed and the energy will be redistributed between them [24] . Furthermore, the well-chosen structures can manipulate the energy transmission and result in a single high-order mode which is a pure Bessel function with nodes. In Fig. 1(c) , we present the amplitude of the magnetic field of the desired second-order mode in a rectangular-walled tube; this was calculated by the finite element method (FEM) with COMSOL Multiphysics for r 0 = 264 μm, a = 26.4 μm, and Λ = 334 μm. The parameters were selected to achieve a single second mode according to the following theoretical considerations. In the simulations, the first mode of the smooth waveguide has been launched and the perfect electrical boundary condition has been assigned to the tube walls. With harmonic time dependence, azimuthally symmetric THz radiation in the case of a TM wave can be expanded into the following series of spatial harmonics:
where k r,n and k z ,n (= β + nk) are the transverse and longitudinal wavenumbers, respectively, of the nth spatial harmonic, β is the reference propagation constant, and J 0 (.) is the zero-order Bessel function. Also, we have the dispersion relation
where f and c are the frequency and speed, respectively, of the THz radiation, and we have
The boundary condition
holds for perfect metals. By substituting (2) and (3) into (6) and expanding the result into a Fourier integral, we obtain a system of equations for the unknown amplitudes A n of the nth spacial harmonic:
The coefficients C mn are given by a Fourier integral:
where J 1 (.) is the first-order Bessel function. The vanishing of a determinant,
results in a nontrivial solution for the amplitudes A n of the THz radiation in a corrugated waveguide. The terms of the m × n matrix C(k r,0 , β; a, k) defined in (8) can be calculated by a fast Fourier transform algorithm when the wall function W (z) is specified. Dispersion curves representing the relationship between the frequency f and the reference propagation constant β can then be computed, with truncation of the infinite sequence of spatial harmonics. It has been shown that a 9 × 9 matrix (±4 ≤ m, n ≤ ±4) can provide an adequate approximation, and such an approximation has been used in many research works [26] , [27] . The dots in Fig. 2 depict the dispersion curves for a THz tube with sinusoidally corrugated walls for r 0 = 264 μm, Λ = 334 μm, and a = 26.4 μm. When the relative corrugation amplitude a/r 0 is very small, (9) can be solved for k r,0 by considering k r,0 as a perturbation of the transverse wavenumber k
r for a smooth waveguide; this corresponds to the pth zero of the zero-order Bessel function. Therefore, the folded TM-mode dispersion curves for a smooth cylindrical waveguide can be used to evaluate the band structure of a tube with small corrugations; that is,
which denotes the pth mode of the nth harmonic. Curves for different modes and different spatial harmonics represented in the first Brillouin zone can help us to estimate band structures. In a manner analogous to the graphical method [26] for an acoustic waveguide, resonances between different TM modes occur at intersections, and the band diagram depends very much on the wall period. By selecting the wall period, we can control the mode interactions and obtain the desired band structure, which is transparent to a single second mode; the wall period corresponds to
according to (10) . Setting the frequency of the three-mode resonance to 1 THz leads to the selection of tube parameters r 0 = 264 μm and Λ = 334 μm. The solid lines in Fig. 2 show the interactions between the first and second transverse modes for different spatial harmonics. Introducing a corrugation with a = 0.1r 0 causes the dispersion curves to shift away from the solid lines to the lines depicted by the dots in Fig. 2 . At the edge of the Brillouin zone, the two circled points B ± move upwards and downwards, respectively, from the intersection because of Bragg resonances between the second modes. At the same time, a three-mode interaction occurs and results in the separation of the three circled points T and T ± in the middle. This separation gives rise to the creation of a stopband between the two dashed lines, and of a narrow passband between the dash-dotted lines. It is obvious that the passband is closely related to the second mode, indicating penetration of a high-order mode into a lower-mode stopband.
III. BAND STRUCTURE AND WALL PROFILE
For a/r 0 1, calculating the Fourier integral in (8) and retaining the lowest-order terms yields [28] (12) where δ mn is the Kronecker delta and
For the sake of simplicity, only the major Fourier components W ±1 are considered here; the effects of the higher-order terms will be discussed later. Therefore, for the Bragg resonance of the second mode at the edge of the Brillouin zone, (9) reduces to
where only two spatial harmonics (n = 0, 1) are considered. Owing to the resonance between two second modes, we have the expansions
when we have retained terms of the lowest order in the small parameter a/r 0 . Substituting the expansions (15) and (11) into (14) and comparing the coefficients of terms with the same power of a/r 0 results in
which leads to the splitting of the two circled points B ± in Fig. 2 . We can also perform a similar derivation for the threemode resonance by using the expansion
and substituting into the reduced equation
for the three spatial harmonics (n = 0, ±1), where
The solution is
indicating the separation of the three circled points T and T ± in Fig. 2 . The zero solution explains why the circled point T does not move by even small amount when the resonance occurs. In Fig. 2 , it is clear that the width of the stopband becomes larger as δ T increases, whereas the width of the transparent region within the stopband shrinks as δ B increases. Defining the shape factor
we have
Thus, the band structure changes with the shape factor. Increasing the shape factor always leads to a narrower band of transparency within the wider stopband.
In accordance with the definition (13), the shape factor can be formulated as
where the even and odd shape factors
can be estimated from the areas under the curves of the integrands for even and odd wall functions, respectively. Half periods of four typical wall functions are depicted in Fig. 3 by the solid lines. These functions are odd functions with triangular, sinusoidal, trapezoidal, and rectangular forms in a half period. The corresponding integrands are represented by dashed lines, and it is convenient to identify the fact that the shape factor increases in the order triangular, sinusoidal, trapezoidal, rectangular. Calculating the integrals yields the shape factors S of the triangular, sinusoidal, trapezoidal, and rectangular wall profiles, equal to 0.2062, 0.2500, 0.2866, and 0.3183, respectively, as shown in Fig. 3 . As the shape factor S increases, the splittings δ B and δ T become larger. From the circled points in Fig. 2 , we can conclude that the stopband becomes wider and the band of transparency within it becomes narrower in the order triangular, sinusoidal, trapezoidal, rectangular. The transmission of a 20-period-long tube simulated by the FEM is shown in Fig. 4 with a/r 0 = 0.1. From the upper left to the lower right, the solid lines represent the transmission in the THz frequency range for tubes with triangular, sinusoidal, trapezoidal, and rectangular wall profiles as the shape factor increases. All of these lines show typical spectra of single-mode transparency. It is obvious that the stopband becomes wider and the passband becomes narrower as the shape factor of the wall profile becomes greater. Therefore, the transparent band can be narrowed by increasing the shape factor of the wall profile. The results suggest that to achieve a narrow linewidth of the region of single-second-mode transparency, one should choose a rectangular wall profile. Also, the frequency width of the transparent band can be tuned by carefully selecting the wall profile. The gray and light green areas in Fig. 4 depict the stopband and the passband within it, respectively. The edges of the areas are the results of least-squares fits using a cubic polynomial f = c 1 S 3 + c 2 S 2 + c 3 S + c 4 for points read out from the solid lines. The optimal coefficients are listed in Table I . The edges of the areas in Fig. 4 are numbered 1-4 from left to right. Edges 1 and 4 represent the stopband, and edges 2 and 3 represent the width of the transparent band within it. Although the very large values of the first two coefficients, c 1 and c 2 , indicate a departure from a linear relationship between the frequency splitting and the shape factor, the monotonic trend of the four edges can be obtained by considering the derivative of the cubic polynomial. When the shape factor varies in the range around 0.2-0.35, the derivatives of edges 1 and 3 are less than zero, indicating that the frequencies of the edges decrease as the shape factor increases. The derivative of edge 4 is greater than zero, leading to an increasing edge frequency, whereas that of edge 2 is around zero, meaning a nearly constant frequency. Thus, the falling edge 1 and the rising edge 4 create a widening stopband as the shape factor increases. However, the drop in edge 3 and the very small change in edge 2 result in a narrowing of the transparent band. So, the shape factor affects the width of the stopband proportionally, whereas the width of the transparent passband varies in inverse proportion.
To confirm the single second mode transparency, we depict not only the analytic Bessel distributions of the first four transverse modes, but also the simulated results at the outlet of the four different tubes in Fig. 5 for the radius distribution of electric field E z . For the better comparison, both the electric fields and the radius are normalized by their own maximum. Further more, we have performed the least-squares fits for the simulated data with
and the optimal coefficients are listed in Table II . It is clear that the major components of the transmitted THz waves are the second modes, whereas the first mode is reflected back out of transparency window. 
IV. NARROWING THE TRANSPARENT BAND
The investigations presented above show how the wall profile can affect the single-second-mode transparency. Increasing the shape factor can efficiently widen the stopband and narrow the passband. It is very easy to estimate the shape factor from the area under the curve of the integrand, shown by the shaded areas under the dashed lines in Fig. 3 . The largest area is provided by the tube with rectangularly corrugated walls, and it is inconvenient to increase the shape factor further by enlarging the corrugation of the wall profile. Have we achieved the narrowest possible bandwidth of the single-mode transparency by what we have done so far, or is it possible for us to reduce the bandwidth further?
According to the perturbation scheme with respect to a/r 0 represented by (15) and (17), the frequency splitting is proportional to the relative amplitude. So, increasing the relative amplitude can significantly change the relative positions of the five special points T , T ± , and B ± , which will cause variation of the width of the transparent band. Looking for an effective way to decrease the bandwidth, we calculated the five points T , T ± , and B ± identified in Fig. 2 for different relative amplitudes of the corrugation a/r 0 by means of a truncated model [26] , [27] . The calculated frequency locations of these five points for tubes with sinusoidal and rectangular corrugations are shown in Figs. 6(a) and (b) , respectively. The squares connected by dotted lines represent the edges of the Bragg gap (B ± ), and the circles connected by solid lines depict the band splitting caused by the three-mode resonance (T and T ± ). The light green shaded areas represent the transparent band, which is defined by the lines corresponding to T and B − . It is significant that these two lines intersect in a single point at some particular value of the corrugation amplitude, as this indicates a large chance of achieving an extremely small bandwidth of the single-mode transparency. The relative amplitude at this intersection for a sinusoidally corrugated tube is larger than that for a rectangularly corrugated tube, showing that the relative amplitude and the shape factor play equally important roles in narrowing the single-mode transparency. We can increase not only the shape factor but also the relative amplitude of the corrugation to reduce the width of the transparent band. The trend of the line for B + in Fig. 6(b) , away from a linear variation, shows the failure of the perturbation scheme of (15) in the presence of higher-order resonances and larger secondary Fourier components. Nevertheless, these calculations with the truncated model provide us with a method to greatly compress the width of the transparent band by varying the relative amplitude of the wall corrugation.
To investigate the validity of the proposed method, we tried to obtain an extremely narrow bandwidth of the single-secondmode transparency by increasing the shape factor and then varying the corrugation amplitude. To obtain a very large shape factor, we built a 2D axial symmetry model of the 20-period-long THz tube in COMSOL Multiphysics with rectangularly corrugated walls, with r 0 = 264 μm and Λ = 334 μm. We then simulated the transmission of this THz tube by the FEM for values of the corrugation amplitude a around 0.1r 0 . The transmission was very similar to the results presented in Fig. 4 , with about a dozen peaks in the transparent passband. The frequencies of the first and last peaks are shown in Fig. 7 by the upwardand downward-pointing triangles, respectively. The frequency of the first peak decreases slowly as the amplitude a increases, whereas the speed at which the last peak moves to lower frequencies changes at a = 24.4 μm. The circles connected by dashed lines represent the variation of the width of the transparent band with the corrugation amplitude. The width of the transparent band has a minimum of about 12.5 GHz, at the speed change point. The narrowest relative bandwidth that we achieved is about 1%.
Although perturbation theory and calculations with the truncated model have not provided us accurate parameters for achieving a narrow bandwidth, we have nevertheless obtained a very narrow bandwidth of the single-mode transparency by using the theoretical results to carefully select the shape factor and the corrugation amplitude. The numerical simulations presented above confirm our findings that the bandwidth of the single-mode transparency can be controlled. We can obtain bandwidth-agile transparency in a very simple way, just by carefully corrugating the walls of the THz tube.
V. DISCUSSION AND CONCLUSION
At the beginning of the application of our perturbation method, we considered only the major Fourier components of the wall function and neglected the higher-order terms, which were very small for the THz tube we were concerned with. When Fourier components W ±2 are present, we can still apply the perturbation theory that we have presented, but the characteristic equation (9) becomes more complicated even in the case of resonances, and the lengthy perturbation solutions for δ B and δ T are meaningless for the purpose of identifying relationships between the band structure and the wall parameters. Therefore, we skip the tedious derivations here, and just present the results of a simulation by the FEM of the transmission of a THz tube with nonvanishing W ±2 , as shown in Fig. 8 . To slightly increase the Fourier components W ±2 , we used a sine function with shifts as follows: It is obvious that an increase in W ±2 just leads to lowering of the stopband. The contour lines in the middle illustrate the slight changes that occur in the width of the transparent band, which is reduced a little when h is close to 0 or 0.5. Generally, a slight increase in the high-order Fourier components has a limited impact on the frequency band structure, and the major results relating to the controllable width of the single-mode transparency are still applicable. If W ±2 becomes much larger, the major component needs to be reidentified as W ±2 , and our proposed method can then be applied.
In conclusion, we have demonstrated bandwidth-agile transparency associated with a single second mode in a TM-polarized THz waveguide with arbitrary corrugated walls. By use of a graphical method in the first Brillouin zone, this single-mode transparency can be identified and analyzed by considering five special points, which denote the edges of the stopband and passband. A perturbation scheme with respect to the relative amplitude of the corrugation predicts that the band splitting is proportional to the shape factor of the wall profile. Four typical wall profiles have been investigated, and numerical results for the transmission confirm the theoretical analysis. A tube with rectangularly corrugated walls provides the widest forbidden band but the narrowest passband, because it has the largest shape factor. We have also achieved an extremely narrow width of the transparent band, of about 1% of its center frequency, by altering the corrugation amplitude as well as the shape factor. In addition, the effects of secondary Fourier components have been investigated and the slightly changed band structure resulting from these components has been described. The other higher-order modes are also promising to be obtained with the analogous mechanism, though the more transverse modes would be involved and the analysis maybe more complicated. A comprehensive analysis of this bandwidth-agile transparency would not only enrich our knowledge about wave phenomena but also provide us with an efficient method to control wave propagation; this may be very useful in future THz devices applied in nondiffractive beam producing, microparticle trapping, THz imaging, optical tweezers, nanofabrication.
